Abstract. An icosahedral-hexagonal grid on the two-sphere is created by dividing the faces of an icosahedron and projecting the vertices onto the sphere. This grid and its Voronoi tessellation have several desirable features for numerical simulations of physical processes on the sphere. While several methods to construct the icosahedral grid mesh have been proposed over the past decades, and empirical data have been collected to understand and help improve the grid, rarely have analytical analyses been done to investigate the basic geometric properties of the grid. In this paper, we present an analytical analysis of several geometric properties of the icosahedral grids based on two basic constructions: recursive and nonrecursive construction. We point out that these geometric properties can be improved with modified construction procedures. We demonstrate how these improvements impact the numerical integration of PDEs over the sphere.
1.
Introduction. An icosahedral-hexagonal grid on the two-sphere is created by dividing the faces of an icosahedron (which are 20 congruent equilateral plane triangles) into a triangle mesh and projecting the vertices of the mesh onto the surface of the enclosing sphere. Its relevant topology includes a mesh of triangles and hexagonal Voronoi cells (and 12 pentagonal ones) that provide a unique set of geometric properties suitable for numerical simulations on the sphere. Among all regular polyhedrons, the icosahedron distributes the 4π angular defect (Gauss-Bonnet theorem) evenly over the most number of vertices, minimizing the distortion of the spherical triangles near these vertices. In addition, an icosahedral grid partitions the sphere into 20 equilaterals, which naturally leads to 10 rhombuses that can be further decomposed conveniently for massive parallel computing. Due to these desirable geometric and topological features, several discretization schemes have been developed based on the icosahedral-hexagonal grid for global circulation models ( [1, 9, 8, 6, 16] , for example). Figure 1 .1 shows 20 initial equilateral plane triangles that can be combined into an icosahedron.
There are two basic constructions for this grid: one is recursive and one nonrecursive. We will describe both constructions in detail in the following sections. In general, the grid points created from either construction are rather uniform. However, we know that for more than 12 grid points it is impossible to create a perfect grid mesh on the sphere, which requires equal distance between any adjacent grid points. Therefore, there is a need to specify some measures of grid regularity and to optimize these measures during the construction process. Several criteria have been suggested, refinement. We always work on the unit sphere, with all angles and arc lengths in radians.
It is easy to verify that each initial equilateral triangle has a side length of 2 cos −1 (1/2 · csc π 5 ), angle of 2π/5, and area of π/5. The triangle mesh is symmetric with respect to the center of the initial triangle. The triangles at grid level i (i > 0) are generally noncongruent. From basic spherical geometry, we have the following patterns. Bisecting and subdividing a spherical equilateral triangle, one will get three spherical isosceles and one spherical equilateral triangle. Bisecting and subdividing a spherical isosceles triangle, one will get two spherical isosceles triangles and two general spherical triangles. Therefore it is trivial to derive the following results. Letting E n , I n , and G n denote the number of spherical equilateral, isosceles, and general triangles at grid level n, we have , and G representing equilateral, isosceles, and general triangles, respectively.
These spherical triangles generally differ in size and side ratios. The ratio between the longest and shortest sides in the triangle mesh increases with the grid level n, and it converges to about 1.195114 . Details are discussed in the next section.
The Voronoi cell mesh can be viewed as a complementary mesh to the triangle mesh. There are 10 · 2 2n + 2 grid points, and thus the same number of Voronoi cells. Since the ratio bound of the longest and shortest Voronoi cell edges does not approach Recursive construction offers some desirable geometric properties. It provides a good ratio of the longest and shortest distances between adjacent grid points. With a modified construction proposed in section 4, this ratio can be improved to be close to optimality.
The main weakness of this construction is that during the recursive refinements, many local minimum and maximum triangles are created. As a result, in the area near the vertices of the triangles of the first two or three refinements, there are many "skewed" triangles and Voronoi cells.
Nonrecursive approach.
Another basic construction method is nonrecursive. Starting from 12 equally distributed grid points on the sphere, we create 20 plane equilateral triangles. We divide each plane equilateral triangle into a desired number of equilateral triangles, then project the intersections points to the unit sphere (see Figure 2 .2).
It is natural and reasonable to divide the plane equilateral triangle into a number of small plane equilateral triangles of the same size. We partition all three sides into m equal sections and connect the corresponding partitioning points on each side with straight lines to create a refined plane triangle mesh.
The distribution of the spherical equilateral, isosceles, and general triangles within the initial spherical triangular areas is similar but not identical to the recursive construction. We do not have a simple formula as above. However, it is easy to identify the pattern: any triangle whose sides are part of the three (two) great circles of the same length is an equilateral (isosceles) triangle; the rest are general triangles. The analysis of the Voronoi cell mesh and its edges and vertices is the same as that of the recursive construction. We just replace 2 2n in the formula with m 2 . Downloaded 05/08/15 to 140.172.253.1. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
The major advantage of this construction is that all grid points within an initial spherical triangle are lined up on great circles. The other advantage of this construction is that we are no longer constrained by dyadic refinement that can only double the distance resolution (quadruple the point resolution). We can create a grid that is closer to the desired target resolution.
The major disadvantage of this construction is that the adjacent grid points along the sides of the initial spherical equilateral triangles are no longer equidistant. As a result, the shortest distance between adjacent grid points is shorter than that of the recursively constructed grid. Therefore, the ratio between the longest and shortest distances of adjacent grid points will be greater compared to the recursive approach.
Icosahedral-hexagonal grid mesh created with either construction follows the same overall trend: the regularity and size of the triangles and hexagons increase as these polygons get closer to the center of the initial equilateral triangles. This trend is caused by two facts of the icosahedral grid: the topological change of the Voronoi cell mesh from pentagons to hexagons at the initial vertices, and the different distances from the vertices and centers of the initial plane triangles to the sphere. More detailed and rigorous descriptions are presented in the next section.
For both constructions, the two key parameters we introduced earlier increase as the grid level n increases. Fortunately, as we will see in the next section, these parameters converge quickly to constant bounds.
Analysis of the geometric bounds of the icosahedral grid.
In this section, we derive several geometric bounds of the icosahedral grid for both recursive and nonrecursive constructions. The first is the upper bound of the maximum ratio of the distances between the vertices of any single triangle in the triangle mesh; the second is the upper bound of the maximum ratio of the distances between adjacent grid points. From these two bounds, we derive a few other bounds that are of interest.
In the following, (XY Z) denotes the spherical triangle XYZ on the unit sphere, and X and x denote the vertex/angle and corresponding arc length of the spherical triangle, respectively. R * denotes the ratio bound.
3.1. The bound of the maximum ratio of the distances between the vertices of any single triangle in the grid mesh. First we show the bound for the icosahedral grid created with the recursive construction. We start with a few geometric propositions. 
It follows that (3.1)
Note that since cos a k < ζ(a, k), a < π/2, and a ≥ b ≥ c, Proof. Now we argue that as we recursively bisect sides to create a finer triangle mesh within (ABC), a i /(c/2 i ) remains to be the maximum ratio among all triangles. From Proposition 3.1, we know that the inner triangle (DEF ) has a smaller side ratio and area compared to (ABC); thus it can be excluded from further examination. Starting with spherical triangle (ABC) after one bisection refinement (Figure 3 .1), we perform one bisection refinement on each of the three noncenter subtriangles of (ABC) and apply Proposition 3.2 to the triangle (ABC). We get a 2 ≥ b 2 and a 2 ≥ e 2 . After one more recursive bisection refinement, we apply Proposition 3.2 to the subtriangles (ADE), (DBF ), and (EF C). We get a 3 , b 3 , and e 3 as the longest sides of the three respective subtriangles. On the other hand, we know from the application of the same proposition to (ABC) that a 3 ≥ b 3 and a 3 ≥ e 3 ; thus a 3 is the longest side among all subtriangles in (ABC) that could possibly have larger side ratios. Carrying out the above two steps recursively to subtriangles, and noting c/2 i to be the shortest side for all triangles in the triangle mesh after i refinements, we obtain the desired result.
Since each initial spherical equilateral triangle is acute and its side lengths are less than π/2, and since largest angles of three noncenter subtriangles of the equilateral triangle are the angles at the initial vertices, from Proposition 3.3 we can conclude that the isosceles triangles with their top vertices being the initial vertices have the maximum side ratio.
For nonrecursive construction, we show in the following Proposition that the above claim is also true.
Proposition 3.4. In the triangle mesh created with nonrecursive construction, the isosceles triangles at the vertices of the initial equilateral triangles have the largest and smallest angles.
Proof. First we find the relations between the sizes of the lower left angles in the triangle mesh (Figure 3 .2). Let B ij denote the lower left angle at vertex (i, j), where the ith and the jth great circles, which divide the initial equilateral triangle, intersect. It is straightforward to verify that B ij > B ij+1 . Let us construct two isosceles triangles with one shared top angle and B ij and B ij+1 as the base angles of the larger and smaller isosceles triangles, respectively (in Figure 3 To show that B ii > B i+1i+1 , we observe that B i+1i+1 has a vertical angle V which is the top angle of the isosceles triangle I 1 ; I 1 shares the base with another isosceles triangle I 2 that has B ii as top angle. Since isosceles I 1 has longer legs than I 2 , B ii > V = B i+1i+1 . Therefore, B is the largest angle for all lower left angles in the triangle mesh of the initial equilateral triangle area. By symmetry, A and C are also the largest angles for the top and lower right angles in the triangle mesh of the initial equilateral triangle. Based on the above angle size relations, exploring the vertical angles relations in the triangle mesh, we can further show that A, B, and C are the largest angles in the entire triangle mesh.
In a similar way, we can also show that angle B 1m and B m1 are the smallest angles in the entire triangle mesh. Now, we give the first bound for both constructions. Theorem 3.
The maximum ratio of the distances between the vertices of any triangle in the icosahedral grid mesh is bounded by
Proof. Since it has been shown that the maximum side ratios appear in the isosceles triangles at the initial vertices (Propositions 3.3 and 3.4), we can obtain the bound by computing the limit of the ratio between the longest and shortest sides of these isosceles triangles. Let x n and θ bn denote the length and a base angle of the isosceles triangle at grid point resolution n, where initial triangle sides are partitioned into m sectors; let x 0 and θ 0 be the side length and angle size of the initial equilateral triangle. From the spherical law of sines, we have
Taking the limit of both sides as n goes to infinity, we get The ratio bound R 1 is an important geometric bound for the icosahedral grid. It tells us how regular the triangle mesh is, locally, as the icosahedral grid approaches high resolution. In addition, it also provides the absolute lower bound of the maximum ratio of the distances between any adjacent grid points for any spherical grid based on the refinement of an icosahedron.
Related to the ratio bound R 1 are the bound for the largest angles in the triangle mesh and the ratio bound of the longest and shortest edges of any Voronoi cell. We have the following results.
Corollary 3.6. Let α m be the largest angle in the icosahedral triangle mesh; then
Proof. For nonrecursive construction, we have shown in the proof of Proposition 3.4 that the largest angles are the angles of the initial equilateral, which is 2π/5.
For recursive construction, suppose that there is a triangle (ABC) that has A > 2π/5; then at the nth bisection refinement, we get a triangle (AB (n) C (n) ). Assuming that the smallest angle in this triangle is C (n) , when n approaches infinity, this angle must be less than (π − 2π/5)/2 = 3π/10. Thus, we will have lim n→∞ sin A/ sin C (n) exceeds R 1 , a contradiction. Proof. With reference to Figure 3 .3, we have a (ABC), α ≥ β ≥ γ, which contains three segments e 1 , e 2 , and e 3 of the corresponding Voronoi cell edges. By the definition of a Voronoi cell, for 0 < λ < 1.0, we have
Solving for λ, 
Since α ≥ β ≥ γ, obviously (sin e 1 / sin e 2 ) ≥ (sin e 3 / sin e 2 ). As the grid resolution goes to infinity, it implies e 1 /e2 ≥ e 3 /e 2 .
We also observe a geometric fact: as the grid point resolution n goes to infinity, the neighboring triangles (such as (ABC), (ABD), and (BCE) in Figure 3. 3) approach congruence, with adjacent triangle pairs forming quadrilaterals with either reflection symmetry or 2-fold rotational symmetry. This implies that as the grid resolution n goes to infinity, e 4 
We obtain the bound when the ratio cos γ/ cos α reaches maximum. For nonrecursive construction, since α m and γ m are the maximum and minimum angles of the whole triangle mesh, we have α = α m and γ = γ m . For recursive construction, since α ≤ 2π/5 (Corollary 3.6), we assume α = 2π/5 − δ α and γ = 3π/10 − δ γ , where δ α and δ γ are positive real numbers, such that sin α/sin γ ≤ R 1 . Thus, we have δ α > δ γ and
From Theorem 3.5, we have α m = 2π/5, γ m = 3π/10 as n → ∞. Evaluating R e at those values, we obtain the bound.
3.2.
The bound of the maximum ratio of the distances between adjacent grid points. First, we show the bound for recursive construction.
We start with a trivial claim. Proposition 3.8. Let (ABC) be a spherical triangle, and let (DEF ) be the spherical triangle whose vertices are the bisecting points of the sides a, b, and c of (ABC). The sides of (DEF ) will always be longer than half of the corresponding sides of (ABC).
Definition 3.9. We say (ABC) contains (A B C ) if all sides of (ABC) are longer than or equal to those of (A B C ). Now we show that for the given constraints M cannot be obtuse. Suppose that M exceeds π/2, and let b/2 = λc/2, λ ≥ 1.0; then we have
We consider the following limit and apply l'Hôpital's rule twice: On the other hand, this limit is strictly greater than 1 (3.2), and thus λ > √ 2, a contradiction.
Similarly, we also have b 1 ≥ b 1 and c 1 ≥ c 1 . From Proposition 3.10 we have the following claim. Proof. Applying Proposition 3.10 to both triangles and recursively to the subtriangles, noting that no triangle in the triangle mesh has a side ratio greater than R 1 which is smaller than √ 2, we have the claim. From the above two claims, we can conclude that the longest triangle sides of the entire triangle mesh at any level of refinement are the sides of the center equilateral triangles, and the shortest triangle sides are those sides along the sides of initial equilateral triangles. Thus, to find the maximum ratio of the distances between adjacent grid points over the sphere, we just need to compute the relative length of the side of the center equilateral triangle to the distance between any adjacent grid points along the sides of the initial triangle.
To help establish the ratio upper bound at the limit of infinite bisection refinements, we give the following lemma. 
where t is a positive integer,
Proof. Let θ i and x i denote the angles and arc lengths of the equilateral triangles at the ith refinement (Figure 3.5) . Applying Napier's rule to (ADE) and (AF C) (Figure 3 .5) for i ≥ 0, we have the following recursive relations:
It follows that sin 
where
2 . From a well-known relation between infinite product and infinite sum,
Theorem 3.13. For an icosahedral grid created with recursive bisection, the limit of the ratio of the longest and shortest distances between adjacent grid points exists. Furthermore, the limit is bounded by
where t is a positive integer and ς = x t /x t+1 , τ = x t /2.
Proof. Following the recursive relations of (3.4) and (3.6), we have sin
The limit of the ratio between (3.11) and (3.12) as n → ∞, if it exists, is the bound we are looking for. Rewriting with (3.4) and (3.6). Then we multiply it by the bound for the infinite product (the right-hand side of inequality (3.3)) to get a bound for the limit. The bigger the t, the tighter the bound. For all practical purposes, for t = 10, the computed bound, which equals 1.19511377 · 1.000000805 = 1.195114732, provides more than enough accuracy. Now, we give the same ratio bound for the icosahedral grid created by nonrecursive construction.
Theorem 3.14.
For an icosahedral grid created with nonrecursive construction, the limit of the ratio of the longest and shortest distances between adjacent grid points exists and is bounded by
where x 0 is the arc length of a side of the initial equilateral triangles, which equals 2 cos −1 (1/2 csc π 5 ). Proof. Let m be the number of partitions along the sides of the initial equilateral triangles. Let d be the distance between adjacent grid points on the plane (which is a constant for a given m), and let d l and d s be the longest and shortest distances between any adjacent grid points on the sphere (Figure 3.6) .
We have the following limits:
and
Dividing (3.14) by (3.15), we obtain the result.
Let us call this ratio bound for both constructions R 2 . The numerical experiments show that for either construction, the ratio converges to its bound rather quickly. Thus this bound is a good measure for an icosahedral grid at most practical grid resolutions. Downloaded 05/08/15 to 140.172.253.1. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
With this ratio bound, we can also calculate the ratio bound for the areas of the largest and smallest Voronoi cells. Let R a denote this area ratio bound, n the number of the grid points, and A n,vl and A n,vs the areas of the largest and smallest Voronoi cells among all n Voronoi cells. As n approaches infinity, the obvious area ratio bound R a = lim n→∞ A n,vl /A n,vs = R 2 2 , where A n,vl and A n,vs are the areas of largest and smallest regular spherical hexagons with their apothems being half of the greatest and smallest distances between adjacent grid points, respectively. This is due to the fact that a regular hexagon is smaller than a regular pentagon with the same apothem. However, we observe that the smallest spherical hexagons in the grid mesh (those nearest to the initial vertices and surrounding the pentagons) are not regular and have their area approach tan (π/5) + 2 sin 2 (π/5) tan (π/10) when normalized by the square of the shortest distance between any adjacent grid points. This area is actually greater compared to that of the surrounded spherical pentagons, which approaches 1.25 · tan (π/5) when normalized by the same distance square. Thus, A n,vs should be the area of one of the pentagons at grid point resolution n. Therefore, we have the following tighter bound:
Proposed procedure for modified icosahedral grids.
In this section we propose two modified construction algorithms for icosahedral grids, one for recursive construction and the other for nonrecursive construction. The modification to the recursive construction improves the maximum ratio of the distances between adjacent grid points. The modification to the nonrecursive construction improves the regularity of hexagonal Voronoi cells.
To quantify the regularity of the Voronoi cells, we use the maximum and average ratio of the longest and shortest length of the Voronoi cell edges to measure the local extreme and overall regularity of the Voronoi cell mesh.
Modification to the classic recursive construction.
In the classic recursive construction, at any level, the sides of the triangle are bisected and the middle points as new vertices (anchor points) are interconnected to create four subtriangles. In this way, a subtriangle at the center of the triangle tends to be larger than the rest of the three subtriangles. Since the construction is recursive, the grid mesh created will have many local minimum and maximum triangles, and the center equilaterals, relative for the grid level, will get bigger at each recursion, as has been shown in the analysis in the previous section. To alleviate this problem of unevenness, we propose a new algorithm to compute the anchor points. Observe that each new grid point inside the outer triangle is actually related to three great circles (DE, GH, and JK in Figure 4 .1). Intuitively it will be better to assign the anchor point to the place which best accommodates all three great circles. Instead of just using the bisection point of an inner triangle side (DE), we in addition compute two trisection points of two other great circles (GH and JK), which connect the two pairs of quad-section points of the outer triangle. Together with the bisection point of an inner triangle side, we now have three points to determine the location of the new grid point. We can either compute the average of the three points or the Fermat point of the triangle defined by these three points and use it as a new anchor point.
As a result of this modification, the ratio of the longest and the shortest distance between adjacent grid points is improved by about 2% together with some marginal improvements to the other parameters (Table 4. We note that this ratio is close to the ratio bound R 1 , the bound of the maximum ratio of the distances between the vertices of any triangle, 2 sin (θ 0 /2) ≈ 1.17557. In other words, this improved ratio is close to the absolute lower bound for any icosahedral grids.
Modification to the nonrecursive construction.
The icosahedral grid created with nonrecursive construction (great circle construction) measures well in terms of many geometric properties. It improves the regularity of the Voronoi cells and has a smaller average distance between adjacent grid points compared with the recursively constructed grid. One main disadvantage of this construction is that it increases the ratio of the longest and shortest distances between adjacent grid points.
Compared with the grid mesh postprocessed by the spring-dynamics optimization procedure [17] , this grid has a better ratio of the longest and shortest distances between adjacent grid points, but a worse regularity measure.
We observe that due to the uniform projection of the triangle mesh to the sphere, the triangle mesh near the vertices of the equilateral triangle is compressed toward these vertices. This compression helps to smooth the transition caused by the topological change from a regular pentagon to hexagons, which is inevitable in an icosahedralDownloaded 05/08/15 to 140.172.253.1. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php hexagonal grid mesh. However, this compression also causes two problems: (a) the triangles near the center are expanded, while those near the vertices are shrunk, which increases the ratio of the longest and shortest distances between adjacent grid points; (b) it appears that the interior grid points near the initial vertices are overcompressed due to this compression, causing the Voronoi cells in the area to be less regular (Figure 4.2) , which affects the regularity measures of the grid.
We propose the following modification to the nonrecursive construction to alleviate the above problems. Before we project each internal point to the sphere, we apply a function to its coordinate to "nudge" the points toward the center of the plane equilateral triangle, with the amount of this nudging depending on the point location. Let O ∈ R 3 be the center of the plane equilateral triangle, A, B, C ∈ R 3 be the three vertices of the initial equilateral triangle, p ∈ R 3 be an internal grid point on the plane equilateral triangle, E ∈ R 3 be the projection of p to the closest side of the plane equilateral triangle, and V 1 , V 2 ∈ {A, B, C} be the two vertices of the closest side. The notation . denotes Euclidean norm. The "nudging" of point p is expressed as
Here α 1 and α 2 are specified parameters. In the formula, w(p) 1 is a weight function directly proportional to the actual amount of nudging. The amount of nudging increases as the grid point p moves closer to the vertices of the initial triangle and the distance from p to the closest side of the initial plane triangle remains the same. This helps to improve the regularity of the Voronoi cell in the local area and to make the transition of the grid points across the adjacent initial triangle smoother. The amount of nudging also increases as the grid point p gets closer to the center of the initial plane triangle from the sides. This helps to reduce the maximum ratio of the distances between adjacent grid points, since the Downloaded 05/08/15 to 140.172.253.1. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php nudging makes the center triangles a little smaller. Parameter α 1 controls the overall nudging amount, while α 2 adjusts the penalty to the nudging amount for the grid point p being close to the sides of the initial plane triangle. Table 4 .2 shows the maximum and average ratios of the longest and shortest edge lengths of all Voronoi cells for basic nonrecursive construction and its modified version. (The two parameters α 1 and α 2 vary from 0.025 to 0.02 and 0.08 to 0.1 roughly linearly for the icosahedral grids at grid level 3 to 9.)
The modified construction algorithm creates a more regular grid in terms of our regularity measure, while improving the ratio of the longest and shortest distances between adjacent grid points. The maximum ratio of the longest and shortest edge lengths within each Voronoi cell still increases with the grid level and approaches the theoretical bound R e , however, at a slower pace. The corresponding average ratio which measures the general regularity of the Voronoi cells improves by more than 0.05 to about 1.13. This is a significant improvement, considering that the apparent optimal value for this ratio is 1.0. The average distance between adjacent grid points increases by a small amount (< 0.1%), which reflects the fact that slight adjustment of the grid points causes internal grid points to be away from the intersection points of the three great circles. Compared to widely used optimization methods for the icosahedral grid, this algorithm offers several unique features. First, it is noniterative and thus much more efficient. The algorithm adds very little extra computation to the standard construction method and creates the grid mesh in one step. Without a slowly convergent computation to globally minimize the cost function, this new method can be used to create a high resolution icosahedral grid dynamically. Second, the modified grid has a smaller average distance between adjacent grid points and a maximum ratio of distances between adjacent grid points that is comparable to those of other iterative optimization algorithms [17, 2] . At the same time, numerical experiments (in the next section and in [6] ) have shown that the modified grid produces simulation results very similar to those produced by the icosahedral grids opimized with iterative methods. Third, with two parameters to tune, the new algorithm provides some flexibility in controling the trade-off between the regularity of the local grid mesh and the uniformity of the entire grid. In addition, it should be noted that neither the formula nor the two parameters (α 1 , α 2 ) have been optimized yet. For example, it would increase the minimum distance between adjacent grid points if the grid points along each side of the initial triangles were also nudged from two ends toward the middle of the side. We leave the optimization of the proposed modification to future work.
Numerical experiments on icosahedral grid regularity.
In this section, the icosahedral grid regularity is tested with lee wave simulations obtained with a finite-volume shallow water model (SWM). The model is discretized on the icosahedral grids from four construction algorithms, namely, the standard recursive algorithm, modified recursive algorithm, standard nonrecursive algorithm, and modified nonrecursive algorithm. The regularity measures for these four grids at different resolutions are listed in Tables 4.1 and 4.2. The nonlinear lee wave test case is one of the standard SWM test cases described in [18] typically used to evaluate the impact of different algorithms on numerical weather prediction models. The SWM used in this study, described in [6] , is discretized with finite-volume operators whose stencil points are defined on the icosahedral grid. These stencil points are indexed through a predefined look-up table so that the model can be used to conveniently test different icosahedral grids without changing model coding except for the predefined table. (See [6] for details.)
In this test case, lee waves are generated by zonal (east-west) flow impinging on an isolated mountain. The initial zonal velocity and height fields are specified as follows:
where g is the gravitational constant of 9.8, a the earth radius in meters (6371220), α a real number parameter, Ω the angular speed of the earth rotation (7.292 · 10 −5 ), and f the Coriolis parameter used in the analytical solution. The mountain profile is given as
where λ and θ denote longitude and latitude, respectively, h s0 = 2000m, R = π 9 , and The parameter values used in this study are α = 0, h 0 = 5960 m, and u 0 = 20 m/s. With α being zero, the initial height field is a function of latitude only, and the maximum height is found along the equator. The zonal wind field is in geostrophic balance with the height field. The meridional wind is zero initially. The lee wave solution is obtained by integrating the finite-volume model with the zonal flow initial condition for 15 days in order to evaluate the impact of grid sensitivity on the numerical accuracy of the lee wave solution. In the lee wave test, it is required to integrate the numerical solution for 15 days, which is the standard time period for the test case. However, numerical solutions obtained with the standard and modified recursive grids blew up shortly after day 6 and 9 as shown in Figures 5.1(a) and 5.1(b) . The height fields in Figure 5 .1(a) and 5.1(b) exhibit noises superimposed on the lee wave solution, especially at high latitudes. These noises are caused by slight irregularities in the recursively constructed icosahedral grids. These grid noises eventually dominate true solutions, and the solutions become unstable before they complete the 15-day model integration. The standard recursive grid with worse regularity measure than the modified recursive grid produces more noise and thus less stable integration than the modified grid.
In contrast, the simulations with the nonrecursive grids successfully complete 15-day integrations with the results shown in Figures 5.1(c) and 5.1(d) , respectively, for the standard and modified grids. The height field at day 15 in Figure 5 .1(c) exhibits substantial noises in high latitudes, indicating that slight grid irregularities near the pole cause the noises in high latitudes where strong vorticities exist in the lee wave solution. On the other hand, the numerical solution shown in Figure 5 .1(d) with the modified nonrecursive grid is free of high-latitude noises which exist in the standard nonrecursive grid with a slightly worse grid regularity. Figure 5 .1(d) shows a smooth height field very similar to that shown in Figure 7a of [6] , the same experiment with the spring dynamics optimized grid. The height field shown in Figure 5 .1(d) is also found to be very similar to several other published results, e.g., Figure 4 in [7] , Figure 6 in [15] , on the grids optimized with different numerical algorithms.
Figures 5.1(a)-(d) confirm that the icosahedral grid tends to introduce noises associated with the grid imprint for sensitivity test [5] . They also convincingly demonstrate that improved grid regularities lead to improved lee wave solutions. It is worth pointing out that this test case is particularly sensitive to the regularity of the grid and the test result by no means suggests that one should use only the icosahedral grid with the best regularity. For applications extremely sensitive to the regularity of the grid cells, the modified nonrecursive grid, for example, might be a good choice. On the other hand, many real-world applications are not as sensitive to the grid regularity as the test case. For these applications, the modified recursive grid could be a proper choice because it has the best uniformity measure, which could help to maximize the time step of the simulation.
Conclusion.
In this paper, we derived some important geometric bounds of the icosahedral grid. These bounds helped us understand the geometric properties of the grid as its resolution increases. They directly defined regularity and uniformity of the icosahedral grid. Two basic construction methods for the icosahedral grid were investigated. In an effort to improve the geometric properties, two modifications to the two basic constructions were proposed.
A numerical experiment was carried out to compare the modified grids to the grids from basic constructions. The results clearly demonstrated the improved numerical properties of the modified grids.
In summary, we have the following remarks: (a) The two basic constructions have pros and cons of their own. According to our analysis and the derived bounds, both constructions create grid meshes with a relatively small ratio of the longest and shortest distances between adjacent grid points, even at high grid resolution. The main disadvantage of the recursive construction is the existence of local minimum and maximum triangles which undermines the grid's regularity. The main disadvantage of the nonrecursive construction is that adjacent points along the sides of the initial 20 spherical equilateral triangles are no longer equidistant, which in turn implies smaller grid distance near the vertices of those equilateral triangles and a larger ratio of the adjacent grid point distances. Downloaded 05/08/15 to 140.172.253.1. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php (b) The icosahedral grids from both basic constructions are more uniform compared to most other grid meshes (cubed-sphere grid [11, 12] and composite grid ( [4] , for example) on the sphere. Moreover, modifications can be made to further improve the geometric properties of the icosahedral grid. The proposed modification to the recursive construction improves the ratio of the longest and shortest distances between adjacent grid points. Although the improvement is relatively modest, the ratio we have achieved approaches the lower bound for the icosahedral grid. In other words, it is close to the optimal value. The modification to the nonrecursive construction is effective in improving our regularity measures of the grid. The resultant grids from both modifications show better geometric statistics and numerical properties.
(c) Compared to other grid optimization methods, the proposed direct methods are efficient in computation and flexible in control. The proposed direct modification to the nonrecursive construction improves grid geometric properties similarly to what other iterative optimization schemes such as spring dynamic methods have achieved. This method provides an interesting alternative to the iterative approaches. With two parameters to tune (and possible further improvement to the formula), the method allows the users of the icosahedral grid to obtain a good compromise between larger time step and smaller truncation errors.
